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(15) 三角總複習 1 

1. 在𝛥𝐴𝐵𝐶中，求證：𝑠𝑖𝑛 𝐴 = 𝑠𝑖𝑛(𝐵 + 𝐶) 

【證明】∵ ∠𝐴 = 180° − (∠𝐵 + ∠𝐶)  

    ∴ 𝑠𝑖𝑛 𝐴 = 𝑠𝑖𝑛( 180°− (𝐵 + 𝐶)) = 𝑠𝑖𝑛(𝐵 + 𝐶) 

 

2. 在𝛥𝐴𝐵𝐶中，求證：𝑠𝑖𝑛
𝐵+𝐶−𝐴

2
= 𝑐𝑜𝑠 𝐴 

【證明】 

∵ 𝐵 + 𝐶 = 180° − 𝐴  

∴ 𝑠𝑖𝑛
𝐵 + 𝐶 − 𝐴

2
 

= 𝑠𝑖𝑛
180°− 2𝐴

2
 

= 𝑠𝑖𝑛( 90° − 𝐴) 

= 𝑐𝑜𝑠 𝐴 

 

3. 已知𝑡𝑎𝑛 𝜃 = 𝑎，求𝑐𝑜𝑠 𝜃 

【解答】∵ 1 + 𝑡𝑎𝑛2 𝜃 = 𝑠𝑒𝑐2 𝜃 

       1 + 𝑡𝑎𝑛2 𝜃 =
1

𝑐𝑜𝑠2 𝜃
 

  ∴ 𝑐𝑜𝑠2 𝜃 =
1

1+𝑡𝑎𝑛2 𝜃
=

1

1+𝑎2
 

    𝑐𝑜𝑠 𝜃 =
1

√1+𝑎2
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4. 求證：
1

1+sin𝜃
+

1

1−sin𝜃
= 2𝑠𝑒𝑐2 𝜃 

【證明】∵
1

1+sin𝜃
+

1

1−sin𝜃
 

    =
1−sin𝜃+1+sin𝜃

(1+sin𝜃)(1−sin𝜃)
=

2

1−𝑠𝑖𝑛2 𝜃
=

2

𝑐𝑜𝑠2 𝜃
= 2𝑠𝑒𝑐2 𝜃 

 

5. 求證：(1 − tan4𝜃) 𝑐𝑜𝑠2 𝜃 + tan2𝜃 = 1 

【證明】 (1 − tan4𝜃) 𝑐𝑜𝑠2 𝜃 + tan2𝜃  

    = (1－tan2𝜃)(1+tan2𝜃) 𝑐𝑜𝑠2 𝜃 + tan2𝜃 

= (1－tan2𝜃) 𝑠𝑒𝑐2 𝜃 𝑐𝑜𝑠2 𝜃 + tan2𝜃 

= (1－tan2𝜃)
1

𝑐𝑜𝑠2 𝜃
𝑐𝑜𝑠2 𝜃 + tan2𝜃 

= (1－tan2𝜃) + tan2𝜃 

= 1 

 

6. 求證：
𝑐𝑜𝑠 𝜃

1+sin𝜃
+

𝑐𝑜𝑠 𝜃

1−sin𝜃
= 2𝑠𝑒𝑐 𝜃 

【證明】  
𝑐𝑜𝑠 𝜃

1+sin𝜃
+

𝑐𝑜𝑠 𝜃

1−sin𝜃
 

=
𝑐𝑜𝑠 𝜃 (1 − sin𝜃) + 𝑐𝑜𝑠 𝜃 (1+sin𝜃)

(1+sin𝜃)(1 − sin𝜃)
 

=
2𝑐𝑜𝑠 𝜃

1 − 𝑠𝑖𝑛2 𝜃
 

=
2𝑐𝑜𝑠 𝜃

𝑐𝑜𝑠2 𝜃
 

=
2

𝑐𝑜𝑠 𝜃
 

= 2𝑠𝑒𝑐 𝜃 
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7. 求證： 

𝑐𝑜𝑠 𝜃

1+sin𝜃
+
1 + sin𝜃

𝑐𝑜𝑠 𝜃
= 2 𝑠𝑒𝑐 𝜃 

【證明】 

  
𝑐𝑜𝑠 𝜃

1+sin𝜃
+
1 + sin𝜃

𝑐𝑜𝑠 𝜃
 

=
𝑐𝑜𝑠2 𝜃 + (1+sin𝜃)2

(1+sin𝜃) 𝑐𝑜𝑠 𝜃
 

=
𝑐𝑜𝑠2 𝜃 +1+2sin𝜃 + sin2𝜃

(1+sin𝜃) 𝑐𝑜𝑠 𝜃
 

=
1+1+2sin𝜃

(1+sin𝜃) 𝑐𝑜𝑠 𝜃
 

=
2(1+sin𝜃)

(1+sin𝜃) 𝑐𝑜𝑠 𝜃
 

=
2

𝑐𝑜𝑠 𝜃
= 2 𝑠𝑒𝑐 𝜃 

 

8. 求證： 

𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃

sin𝜃 + 𝑐𝑜𝑠 𝜃
+
𝑡𝑎𝑛 𝜃 + 1

𝑡𝑎𝑛 𝜃 − 1
=

2

sin2𝜃 − 𝑐𝑜𝑠2 𝜃
 

【證明】 

∵
𝑡𝑎𝑛 𝜃 + 1

𝑡𝑎𝑛 𝜃 − 1
=

𝑠𝑖𝑛 𝜃
𝑐𝑜𝑠 𝜃

+ 1

𝑠𝑖𝑛 𝜃
𝑐𝑜𝑠 𝜃

− 1
=

𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃
𝑐𝑜𝑠 𝜃

𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃
𝑐𝑜𝑠 𝜃

=
𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃

𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃
 

∴
𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃

sin𝜃 + 𝑐𝑜𝑠 𝜃
+
𝑡𝑎𝑛 𝜃 + 1

𝑡𝑎𝑛 𝜃 − 1
 

=
𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃

sin𝜃 + 𝑐𝑜𝑠 𝜃
+
𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃

𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃
 

=
(𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃)2 + (𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃)2

(sin𝜃 + 𝑐𝑜𝑠 𝜃)(𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃)
 

=
2(𝑠𝑖𝑛2 𝜃 + 𝑐𝑜𝑠2 𝜃)

𝑠𝑖𝑛2 𝜃 − 𝑐𝑜𝑠2 𝜃
 

=
2

sin2𝜃 − 𝑐𝑜𝑠2 𝜃
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9. 求證：(sin𝜃 −
1

sin𝜃
)2 − (𝑡𝑎𝑛 𝜃 −

1

𝑡𝑎𝑛 𝜃
)2 + (𝑐𝑜𝑠 𝜃 −

1

𝑐𝑜𝑠 𝜃
)2 = 1 

【證明】(sin𝜃 −
1

sin𝜃
)2 − (𝑡𝑎𝑛 𝜃 −

1

𝑡𝑎𝑛𝜃
)2 + (𝑐𝑜𝑠 𝜃 −

1

𝑐𝑜𝑠 𝜃
)2 

  = (sin2𝜃 +
1

sin2𝜃
− 2) − (𝑡𝑎𝑛2 𝜃 +

1

𝑡𝑎𝑛2 𝜃
− 2) + (𝑐𝑜𝑠2 𝜃 +

1

𝑐𝑜𝑠2 𝜃
− 2) 

=sin2𝜃 +
1

sin2𝜃
− 2 −

sin2𝜃

𝑐𝑜𝑠2 𝜃
−
𝑐𝑜𝑠2 𝜃

sin2𝜃
+ 2 + 𝑐𝑜𝑠2 𝜃 +

1

𝑐𝑜𝑠2 𝜃
− 2 

= (sin2𝜃 + 𝑐𝑜𝑠2 𝜃) +
1 − 𝑐𝑜𝑠2 𝜃

sin2𝜃
+
1 − sin2𝜃

𝑐𝑜𝑠2 𝜃
− 2 

=1+
𝑠𝑖𝑛2 𝜃

sin2𝜃
+
𝑐𝑜𝑠2 𝜃

𝑐𝑜𝑠2 𝜃
− 2 

= 1 + 1 + 1 − 2 

= 1 

 

10. 求證： 

1 + 𝑠𝑖𝑛 𝜃

1 − sin𝜃
= (

𝑐𝑜𝑠 𝜃

1 − sin𝜃
)2 

【證明】 

1 + 𝑠𝑖𝑛 𝜃

1 − sin𝜃
 

=
(1 + 𝑠𝑖𝑛 𝜃)(1 − sin𝜃)

(1 − sin𝜃)(1 − sin𝜃)
 

=
1 − sin2𝜃

(1 − sin𝜃)2
 

=
𝑐𝑜𝑠2 𝜃

(1 − sin𝜃)2
 

= (
𝑐𝑜𝑠 𝜃

1 − sin𝜃
)2 
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11. 求證：(1 + 𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃)(1 + 𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃) = 2 𝑠𝑖𝑛 𝜃 (1 +

𝑠𝑖𝑛 𝜃) 

【證明】(1 + 𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃)(1 + 𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃) 

    = (1 + 𝑠𝑖𝑛 𝜃)2 − 𝑐𝑜𝑠2 𝜃 

= (1 + 𝑠𝑖𝑛 𝜃)2 − (1 − 𝑠𝑖𝑛2 𝜃) 

= (1 + 𝑠𝑖𝑛 𝜃)2 − (1 + 𝑠𝑖𝑛 𝜃)(1 − 𝑠𝑖𝑛 𝜃) 

= (1 + 𝑠𝑖𝑛 𝜃)(1 + 𝑠𝑖𝑛 𝜃 − 1 + 𝑠𝑖𝑛 𝜃) 

= 2 𝑠𝑖𝑛 𝜃 (1 + 𝑠𝑖𝑛 𝜃) 

 

12. 求證： 

(1 + 𝑡𝑎𝑛𝜃)2

(1 − 𝑡𝑎𝑛𝜃)2
=
1 + 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

1 − 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃
 

 

【證明】 

(1 + 𝑡𝑎𝑛𝜃)2

(1 − 𝑡𝑎𝑛𝜃)2
 

=
(1 +

𝑠𝑖𝑛𝜃
𝑐𝑜𝑠𝜃)

2

(1 −
𝑠𝑖𝑛𝜃
𝑐𝑜𝑠𝜃)

2 

=
(
𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃 )
2

(
𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃 )
2 

= (
𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃

𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛𝜃
)2 

=
𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 + 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 − 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃
 

=
1 + 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃

1 − 2𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃
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13. 已知{
𝑥 = 𝑠𝑖𝑛 𝜃 − 2. . . . . . (1)
𝑦 = 𝑐𝑜𝑠 𝜃 + 2. . . . . . (2)

，求證：(𝑥 + 2)2 + (𝑦 − 2)2 = 1 

【證明】由(1)得 𝑥 + 2 = 𝑠𝑖𝑛 𝜃 

    由(2)得 𝑦 − 2 = 𝑐𝑜𝑠 𝜃 

    ∴ (𝑥 + 2)2 + (𝑦 − 2)2 = 𝑠𝑖𝑛2 𝜃 + 𝑐𝑜𝑠2 𝜃 = 1 

 

 

 

14. 求證：1 − 𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛2 𝜃 − 𝑐𝑜𝑠2 𝜃 = 𝑠𝑖𝑛 𝜃 (2 𝑠𝑖𝑛 𝜃 − 1) 

【證明】1 − 𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛2 𝜃 − 𝑐𝑜𝑠2 𝜃 

    = 𝑠𝑖𝑛2 𝜃 + 𝑐𝑜𝑠2 𝜃 − 𝑠𝑖𝑛 𝜃 + 𝑠𝑖𝑛2 𝜃 − 𝑐𝑜𝑠2 𝜃 

= 2𝑠𝑖𝑛2 𝜃 − 𝑠𝑖𝑛 𝜃 

= 𝑠𝑖𝑛 𝜃 (2 𝑠𝑖𝑛 𝜃 − 1) 

 

15. 求證：1 + (𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃)2 = 2(1 − 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃) 

【證明】1 + (𝑠𝑖𝑛 𝜃 − 𝑐𝑜𝑠 𝜃)2 

= 1 + 𝑠𝑖𝑛2 𝜃 + 𝑐𝑜𝑠2 𝜃 − 2 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 
= 1 + 1 − 2 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 
= 2 − 2 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 
= 2(1 − 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃) 
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16. 已知{
𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃 = −𝑘. . . . . . (1)
𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 = 𝑘. . . . . . . . . . . (2)

，求 k 

【解答】由(1)得 

(1)2 ⇒ (𝑠𝑖𝑛 𝜃 + 𝑐𝑜𝑠 𝜃)2 = (−𝑘)2 

  ⇒ 𝑠𝑖𝑛2 𝜃 + 𝑐𝑜𝑠2 𝜃 + 2 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 = 𝑘2 

  ⇒ 1+ 2𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 = 𝑘2. . . . . . . (3) 

    將(2)代入(3)得 

    1 + 2𝑘 = 𝑘2 
𝑘2 − 2𝑘 − 1 = 0 

𝑘 =
2 ± √4 + 4

2
 

  =
2 ± 2√2

2
 

= 1 ± √2 

k = 1 + √2 > 1，不合(2) 

∵ −1 < 𝑠𝑖𝑛 𝜃 < 1 

  − 1 < 𝑐𝑜𝑠 𝜃 < 1 

⇒ −1 < 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜃 < 1 
⇒ −1 < 𝑘 < 1 

∴ 𝑘 = 1 − √2 

 

17. 求證：(𝑐𝑜𝑠 𝐴 (1 + 𝑡𝑎𝑛 𝐴))2 + (𝑐𝑜𝑠 𝐴 (1 − 𝑡𝑎𝑛 𝐴))2 = 2 

【證明】(𝑐𝑜𝑠 𝐴 (1 + 𝑡𝑎𝑛 𝐴))2 + (𝑐𝑜𝑠 𝐴 (1 − 𝑡𝑎𝑛 𝐴))2 

    = 𝑐𝑜𝑠2 𝐴 (1 + 𝑡𝑎𝑛 𝐴)2 + 𝑐𝑜𝑠2 𝐴 (1 − 𝑡𝑎𝑛 𝐴)2 
= 𝑐𝑜𝑠2 𝐴 (1 + 2 𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛2 𝐴) + 𝑐𝑜𝑠2 𝐴 (1 − 2 𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛2 𝐴) 
= 𝑐𝑜𝑠2 𝐴 (1 + 2 𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛2 𝐴 + 1 − 2 𝑡𝑎𝑛 𝐴 + 𝑡𝑎𝑛2 𝐴) 
= 𝑐𝑜𝑠2 𝐴 (2 + 2 𝑡𝑎𝑛2 𝐴) 
= 2𝑐𝑜𝑠2 𝐴 (1 + 𝑡𝑎𝑛2 𝐴) 
= 2𝑐𝑜𝑠2 𝐴 𝑠𝑒𝑐2 𝐴 
= 2 


