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(11)三角函數的轉換 

 

同學們一定對以下的知識很熟悉: 

A B

C





 

因為α + β = 90°，所以它們有以下的關係: 

 

𝑠𝑖𝑛 𝛼 =
𝐵𝐶̅̅ ̅̅

𝐴𝐵̅̅ ̅̅
= 𝑐𝑜𝑠 𝛽 

 

𝑐𝑜𝑠 𝛼 =
𝐴𝐶̅̅ ̅̅

𝐴𝐵̅̅ ̅̅
= 𝑠𝑖𝑛 𝛽 
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我們先假設𝜃是一銳角。 

P(x,y)

y

xO X

Y



r

 

(1)90° + 𝜃 

P(x,y)

y

xO
X

Y



r




Q

R



T

S

+90

 
 

∠𝑇𝑂𝑅 = ∠𝑃𝑂𝑄 = 𝜃，且∠𝑃𝑂𝑅 = 90°，所以∠𝑄𝑂𝑅 = 90° + 𝜃 

 

∵ 𝑅𝑆̅̅̅̅ ∥ 𝑂𝑇̅̅ ̅̅ ， ∴ ∠𝑂𝑅𝑆 = 𝜃 
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考慮∆𝑂𝑃𝑄和∆𝑂𝑅𝑆 

 

∠𝑅𝑂𝑆 + ∠𝑃𝑂𝑄 = 90°，而∠𝑂𝑃𝑄 + ∠𝑃𝑂𝑄 = 90° 

∴ ∠𝑅𝑂𝑆 = ∠𝑂𝑃𝑄 

 

∵ RS̅̅̅̅ ∥ OT̅̅ ̅̅ ，且∠𝑂𝑅𝑆 = 𝜃 = ∠𝑃𝑂𝑄、𝑂𝑅̅̅ ̅̅ = 𝑂𝑃̅̅ ̅̅ = 𝑟 

∴ ∆𝑂𝑃𝑄 ≅ ∆𝑂𝑅𝑆  (𝐴𝑆𝐴) 

 

∴  𝑅𝑆̅̅̅̅ = 𝑂𝑄̅̅ ̅̅ = 𝑥，𝑂𝑆̅̅̅̅ = 𝑃𝑄̅̅ ̅̅ = 𝑦 

 

sin(90° + 𝜃) = sin 𝛼 =
𝑅𝑆̅̅̅̅

𝑟
=

𝑥

𝑟
= cos 𝜃 

 

cos(90° + 𝜃) = cos 𝛼 =
𝑂𝑆̅̅̅̅

𝑟
=

−𝑦

𝑥
= − sin 𝜃  (𝑥在第二象限為負) 

 

tan(90° + 𝜃) = tan 𝛼 =
𝑅𝑆̅̅̅̅

𝑂𝑆̅̅ ̅̅
=

𝑥

−𝑦
= − cot 𝜃 

 

(2) 180° + 𝜃 

P(x,y)

y

x
O

Y



r

Q

R



S

+180

 

∠𝑅𝑂𝑆 = 𝛼 = ∠𝑃𝑂𝑄 = 𝜃   (對頂角) 

 

∠𝑄𝑂𝑅 = 180° + 𝜃 
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我們可以證明 ∆𝑂𝑃𝑄 ≡ ∆𝑂𝑅𝑆 

 

∴   𝑂𝑆̅̅ ̅̅ = 𝑂𝑄̅̅ ̅̅ = 𝑥 

 

𝑅𝑆̅̅̅̅ = 𝑃𝑄̅̅ ̅̅ = 𝑦 

sin(180° + 𝜃) = sin 𝛼 =
𝑅𝑆̅̅̅̅

𝑟
=

−𝑦

𝑟
= − sin 𝜃  (𝑦在第三象限為負) 

 

cos(180° + 𝜃) = cos 𝛼 =
𝑂𝑆̅̅̅̅

𝑟
=

−𝑥

𝑟
= − cos 𝜃 (𝑥在第三象限為負) 

 

tan(180° + 𝜃) = tan 𝛼 =
𝑅𝑆̅̅̅̅

𝑂𝑆̅̅ ̅̅
=

−𝑦

−𝑥
= tan 𝜃 

 

(3) 270° + 𝜃 

 







 X

Y

P

Q

O

R

S

r
+270

 

∠𝑅𝑂𝑇 = 𝜃 

 

∠𝑃𝑂𝑅 = 270° + 𝜃 

 

我們可以證明 ∆OPQ ≡ ∆ORS 

 

𝑂𝑆̅̅̅̅ = 𝑃𝑄̅̅ ̅̅ = 𝑦，𝑅𝑆̅̅̅̅ = 𝑂𝑄̅̅ ̅̅ = 𝑥 
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sin(270° + 𝜃) = sin 𝛼 =
𝑅𝑆̅̅̅̅

𝑟
=

−𝑥

𝑟
= − cos 𝜃  (𝑦在第四象限為負) 

cos(270° + 𝜃) = cos 𝛼 =
𝑂𝑆̅̅̅̅

𝑟
=

𝑦

𝑟
= sin 𝜃 

 

tan(270° + 𝜃) = tan 𝛼 =
𝑅𝑆̅̅̅̅

𝑂𝑆̅̅ ̅̅
=

−𝑥

𝑦
= − cot 𝜃 

 

我們將以上的公式整理如下: 

 

sin(90° + 𝜃) = cos 𝜃 

 

sin(180° + 𝜃) = − sin 𝜃 

 

sin(270° + 𝜃) = − cos 𝜃 

 

cos(90° + 𝜃) = − sin 𝜃 

 

cos(180° + 𝜃) = − cos 𝜃 

 

cos(270° + 𝜃) = sin 𝜃 

 

tan(90° + 𝜃) = − cot 𝜃 

 

tan(180° + 𝜃) = tan 𝜃 

 

tan(270° + 𝜃) = − cot 𝜃 

 

因此，我們不必將𝜃限於銳角，而使得三角函數的角可以任意象限的角，也就是

所謂廣義的三角函數。 

 

我們的結論可以用以下的表表示 

 

 第 1象限 第 2象限 第 3象限 第 4象限 

𝑠𝑖𝑛 𝜃 + + - - 

𝑐𝑜𝑠 𝜃 + - - + 

tan 𝜃 + - + - 
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以下是一些例子 

(4) 𝜃 = 30° 

 

𝑠𝑖𝑛(90° + 30°) = 𝑠𝑖𝑛 120° = 𝑐𝑜𝑠 30° =
√3

2
 

 

𝑠𝑖𝑛(180° + 30°) = 𝑠𝑖𝑛 210° = − 𝑠𝑖𝑛 30° = −
1

2
 

 

𝑠𝑖𝑛(270° + 30°) = 𝑠𝑖𝑛 300° = − 𝑐𝑜𝑠 30° = −
√3

2
 

 

(5) 𝜃 = 30° 

 

𝑐𝑜𝑠(90° + 30°) = 𝑐𝑜𝑠 120° = − 𝑠𝑖𝑛 30° = −
1

2
 

 

𝑐𝑜𝑠(180° + 30°) = 𝑐𝑜𝑠 210° = − 𝑐𝑜𝑠 30° = −
√3

2
 

 

𝑐𝑜𝑠(270° + 30°) = 𝑐𝑜𝑠 300° = 𝑠𝑖𝑛 30° =
1

2
 

 

(6) 𝜃 = 90° 

 

𝑠𝑖𝑛(90° + 90°) = 𝑠𝑖𝑛 180° = 𝑐𝑜𝑠 90° = 0 

 

𝑠𝑖𝑛(180° + 90°) = 𝑠𝑖𝑛 270° = − 𝑠𝑖𝑛 90° = −1 

 

𝑠𝑖𝑛(270° + 90°) = 𝑠𝑖𝑛 360° = − 𝑐𝑜𝑠 90° = 0 

 

(7) 𝜃 = 90° 

 

𝑐𝑜𝑠(90° + 90°) = 𝑐𝑜𝑠 180° = − 𝑠𝑖𝑛 90° = −1 

 

𝑐𝑜𝑠(180° + 90°) = 𝑐𝑜𝑠 270° = − 𝑐𝑜𝑠 90° = 0 

 

𝑐𝑜𝑠(270° + 90°) = 𝑐𝑜𝑠 360° = 𝑠𝑖𝑛 90° = 1 
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以下我們要看另一種轉換 

(8) 90° − 𝜃 

 


 

X

Y

P

QO S

r
−90

R
T

 

𝑃𝑄̅̅ ̅̅ = 𝑦 

 

𝑂𝑄̅̅ ̅̅ = 𝑥 

 

∠𝑅𝑂𝑇 = 𝜃 

 

∴   ∠𝑅𝑂𝑄 = 90° − 𝜃 = 𝛼 

 

我們可以證明 ∆𝑅𝑂𝑆 ≡ ∆𝑃𝑂𝑄 

 

 𝑂𝑅̅̅ ̅̅ = 𝑂𝑄̅̅ ̅̅ = 𝑥，𝑅𝑆̅̅̅̅ = 𝑃𝑄̅̅ ̅̅ = 𝑦 

 

𝑠𝑖𝑛(90° − 𝜃) = 𝑠𝑖𝑛 𝛼 =
𝑅𝑆̅̅̅̅

𝑟
=

𝑥

𝑟
= 𝑐𝑜𝑠 𝜃 

 

𝑐𝑜𝑠(90° − 𝜃) = 𝑐𝑜𝑠 𝛼 =
𝑂𝑆̅̅̅̅

𝑟
=

𝑦

𝑥
= 𝑠𝑖𝑛 𝜃 

𝑡𝑎𝑛(90° − 𝜃) = 𝑡𝑎𝑛 𝛼 =
𝑅𝑆̅̅̅̅

𝑂𝑆̅̅ ̅̅
=

𝑥

𝑦
= 𝑐𝑜𝑡 𝜃 
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(9) 180° − 𝜃 

 

 X

Y

P

QOS

r
−180R



r

 

𝑃𝑄̅̅ ̅̅ = 𝑦 

 

𝑂𝑄̅̅ ̅̅ = 𝑥 

 

∠𝑃𝑂𝑅 = 180° − 𝜃 

 

用同樣的方法，我們可以證明 

 

𝑠𝑖𝑛(180° − 𝜃) =
𝑦

𝑟
= 𝑠𝑖𝑛 𝜃 

 

𝑐𝑜𝑠(180° − 𝜃) =
−𝑥

𝑟
= − 𝑐𝑜𝑠 𝜃 (𝑥在第三象限為負) 

 

𝑡𝑎𝑛(180° − 𝜃) =
𝑦

−𝑥
= − 𝑡𝑎𝑛 𝜃 
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(10) 270° − 𝜃 

 

 X

Y

P

Q

OS

r
−270

R







 

𝑃𝑄̅̅ ̅̅ = 𝑦 

 

𝑂𝑄̅̅ ̅̅ = 𝑥 

 

∠𝑄𝑂𝑅 = 180° 

 

可以用同樣的方法證明 

 

𝑠𝑖𝑛(270° − 𝜃) = 𝑠𝑖𝑛 𝛼 =
−𝑥

𝑟
= − 𝑐𝑜𝑠 𝜃  (𝑦在第三象限為負) 

 

𝑐𝑜𝑠(270° − 𝜃) = 𝑐𝑜𝑠 𝛼 =
−𝑦

𝑟
= − 𝑠𝑖𝑛 𝜃  (𝑥在第三象限為負) 

 

𝑡𝑎𝑛(270° − 𝜃) = 𝑡𝑎𝑛 𝛼 =
𝑦

−𝑥
= − 𝑡𝑎𝑛 𝜃 
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(11) 360° − 𝜃 

 

 X

Y

P

QO

r
−360

R



 

𝑃𝑄̅̅ ̅̅ = 𝑦，𝑂𝑄̅̅ ̅̅ = 𝑥，∠𝑃𝑂𝑅 = 360° − 𝜃 

 

我們可以用同樣的方法證明 

𝑠𝑖𝑛(360° − 𝜃) =
−𝑦

𝑟
= − 𝑠𝑖𝑛 𝜃   (𝑦在第四象限為負) 

 

𝑐𝑜𝑠(360° − 𝜃) =
𝑥

𝑟
= 𝑐𝑜𝑠 𝜃 

 

𝑡𝑎𝑛(360° − 𝜃) =
−𝑦

𝑥
= − 𝑡𝑎𝑛 𝜃 

 

我們可以將以上的公式整理如下: 

 

sin(90° − 𝜃) = cos 𝜃    cos(90° − 𝜃) = sin 𝜃 

 

sin(180° − 𝜃) = sin 𝜃    cos(180° − 𝜃) = − cos 𝜃 

 

sin(270° − 𝜃) = − cos 𝜃  cos(270° − 𝜃) = − sin 𝜃 

 

sin(360° − 𝜃) = − sin 𝜃  cos(360° − 𝜃) = cos 𝜃 
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(12)𝜃 = 30° 

 

𝑠𝑖𝑛(90° − 30°) = 𝑠𝑖𝑛 60° = 𝑐𝑜𝑠 30° =
√3

2
 

 

𝑠𝑖𝑛(180° − 30°) = 𝑠𝑖𝑛 150° = 𝑠𝑖𝑛 30° =
1

2
 

 

𝑠𝑖𝑛(270° − 30°) = 𝑠𝑖𝑛 240° = − 𝑐𝑜𝑠 30° = −
√3

2
 

 

𝑠𝑖𝑛(360° − 30°) = 𝑠𝑖𝑛 330° = − 𝑠𝑖𝑛 30° = −
1

2
 

 

(13) 𝜃 = 30° 

 

𝑐𝑜𝑠(90° − 30°) = 𝑐𝑜𝑠 60° = 𝑠𝑖𝑛 30° =
1

2
 

 

𝑐𝑜𝑠(180° − 30°) = 𝑐𝑜𝑠 150° = − 𝑐𝑜𝑠 30° = −
√3

2
 

 

𝑐𝑜𝑠(270° − 30°) = 𝑐𝑜𝑠 240° = − 𝑠𝑖𝑛 30° = −
1

2
 

 

𝑐𝑜𝑠(360° − 30°) = 𝑐𝑜𝑠 330° = 𝑐𝑜𝑠 30° =
√3

2
 

 

我們可以將以上所有的公式整理如下: 

 

𝑠𝑖𝑛(90° + 𝜃) = 𝑐𝑜𝑠 𝜃 ⋯ ⋯ (11.1) 

 

𝑠𝑖𝑛(90° − 𝜃) = 𝑐𝑜𝑠 𝜃 ⋯ ⋯ (11.2) 

 

𝑐𝑜𝑠(90° + 𝜃) = − 𝑠𝑖𝑛 𝜃 ⋯ ⋯ (11.3) 

 

𝑐𝑜𝑠(90° − 𝜃) = 𝑠𝑖𝑛 𝜃 ⋯ ⋯ (11.4) 
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𝑠𝑖𝑛(180° + 𝜃) = − 𝑠𝑖𝑛 𝜃 ⋯ ⋯ (11.5) 

 

𝑠𝑖𝑛(180° − 𝜃) = 𝑠𝑖𝑛 𝜃 ⋯ ⋯ (11.6) 

 

𝑐𝑜𝑠(180° + 𝜃) = − 𝑐𝑜𝑠 𝜃 ⋯ ⋯ (11.7) 

 

𝑐𝑜𝑠(180° − 𝜃) = − 𝑐𝑜𝑠 𝜃 ⋯ ⋯ (11.8) 

 

𝑠𝑖𝑛(270° + 𝜃) = − 𝑐𝑜𝑠 𝜃 ⋯ ⋯ (11.9) 

 

𝑠𝑖𝑛(270° − 𝜃) = − 𝑐𝑜𝑠 𝜃 ⋯ ⋯ (11.10) 

 

𝑐𝑜𝑠(270° + 𝜃) = 𝑠𝑖𝑛 𝜃 ⋯ ⋯ (11.11) 

 

𝑐𝑜𝑠(270° − 𝜃) = − 𝑠𝑖𝑛 𝜃 ⋯ ⋯ (11.12) 

 

𝑠𝑖𝑛(360° − 𝜃) = − 𝑠𝑖𝑛 𝜃 ⋯ ⋯ (11.13) 

 

𝑐𝑜𝑠(360° − 𝜃) = 𝑐𝑜𝑠 𝜃 ⋯ ⋯ (11.14) 

 

我們可以利用以上的公式發現很多有趣的現象，以下的例子很值得同學們看的: 

 

(14)120°      

  

 120° = 90° + 30° = 180° − 60° 

 

根據(11.1) 

 

𝑠𝑖𝑛 120° = 𝑠𝑖𝑛(90° + 30°) = 𝑐𝑜𝑠 30° =
√3

2
 

 

根據(11.6) 

 

𝑠𝑖𝑛 120° = 𝑠𝑖𝑛(180° − 60°) = 𝑠𝑖𝑛 60° =
√3

2
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(15) 210°      

 

 210° = 180° + 30° = 270° − 60° 

 

根據(11.5) 

 

𝑠𝑖𝑛 210° = 𝑠𝑖𝑛(180° + 30°) = − 𝑠𝑖𝑛 30° = −
1

2
 

 

根據(11.10) 

 

𝑠𝑖𝑛 210° = 𝑠𝑖𝑛(270° − 60°) = − 𝑐𝑜𝑠 60° = −
1

2
 

 

(16) 300°      

 

 300° = 270° + 30° = 360° − 60° 

 

根據(11.9) 

 

𝑠𝑖𝑛 300° = 𝑠𝑖𝑛(270° + 30°) = − 𝑐𝑜𝑠 30° = −
√3

2
 

 

根據(11.13) 

 

𝑠𝑖𝑛 300° = 𝑠𝑖𝑛(360° − 60°) = − 𝑠𝑖𝑛 60° = −
√3

2
 


