
(75)數列和的運算 

1.試證∑ 𝑘2 =
𝑛(𝑛+1)(2𝑛+1)

6

𝑛
𝑘=1  

用歸納法 

𝑛 = 1, ∑ 𝑘2 = 1𝑛
𝑘=1  

𝑛(𝑛 + 1)(2𝑛 + 1)

6
=
1(1 + 1)(2 + 1)

6
=
2 × 3

6
= 1 

∴ 𝑛 = 1,∑ 𝑘2 =
𝑛(𝑛+1)(2𝑛+1)

6

𝑛
𝑘=1 成立 

假設𝑘 = 𝑛,此公式成立，我們要證明當𝑘 = 𝑛 + 1時，此公式仍然成立 

∑𝑘2 =
𝑛(𝑛 + 1)(2𝑛 + 1)

6

𝑛

𝑘=1

…(1) 

∴ ∑𝑘2 =
𝑛(𝑛 + 1)(2𝑛 + 1)

6
+ (𝑛 + 1)2

𝑛+1

𝑘=1

 

=
𝑛(𝑛 + 1)(2𝑛 + 1) + 6(𝑛 + 1)2

6
 

=
(𝑛 + 1)(𝑛(2𝑛 + 1) + 6(𝑛 + 1))

6
 

=
(𝑛 + 1)(2𝑛2 + 7𝑛 + 6)

6
 

=
(𝑛 + 1)(2𝑛 + 3)(𝑛 + 2)

6
 

=
(𝑛 + 1)(𝑛 + 2)(2(𝑛 + 1) + 1)

6
… (2) 

比較(1)和(2)，可以看出當𝑘 = 𝑛 + 1時，此公式仍然成立的 

例𝑛 = 3 

∑𝑘2 = 1 + 22 + 32 = 1 + 4 + 9 = 14

3

𝑘=1

 

𝑛(𝑛 + 1)(2𝑛 + 1)

6
=
3(4)(7)

6
=
12 × 7

6
= 14 

 

 

 

 



2.∑ 𝑘3 = (
𝑛(𝑛+1)

2
)2𝑛

𝑘=1  

𝑘 = 1,∑𝑘3 = 1

1

𝑘=1

 

𝑛(𝑛 + 1)

2
=
1(2)

2
= 1 

∴當𝑘 = 1時，公式成立 

假設𝑘 = 𝑛時，此公式成立，我們要證明當𝑘 = 𝑛 + 1時，此公式仍然成立 

也就是說，我們要證明∑ 𝑘3 = (
(𝑛+1)(𝑛+2)

2
)2𝑛+1

𝑘=1  

∑𝑘3 = (
𝑛(𝑛 + 1)

2
)2

𝑛

𝑘=1

=
𝑛2(𝑛2 + 2𝑛 + 1)

4
=
𝑛4 + 2𝑛3 + 𝑛2

4
 

∑𝑘3
𝑛+1

𝑘=1

=
𝑛4 + 2𝑛3 + 𝑛2

4
+ (𝑛 + 1)3 

=
𝑛4 + 2𝑛3 + 𝑛2 + 4𝑛3 + 12𝑛2 + 12𝑛 + 4

4
 

=
𝑛4 + 6𝑛3 + 13𝑛2 + 12𝑛 + 4

4
 

但是，((𝑛 + 1)(𝑛 + 2))
2
= (𝑛2 + 3𝑛 + 2)2 = 𝑛4 + 6𝑛3 + 13𝑛2 + 12𝑛 + 4 

∴ ∑𝑘3
𝑛+1

𝑘=1

= (
(𝑛 + 1)(𝑛 + 2)

2
)2 

∴公式成立 

例𝑛 = 3 

∑𝑘3 = 1 + 22
𝑛

𝑘=1

+ 32 = 1 + 8 + 27 = 36 = 62 

𝑛 = 3, (
(𝑛 + 1)(𝑛 + 2)

2
)2 = (

3(4)

2
)2 = 62 

 

 

 

 

 



3.若𝑎1 = 1, 𝑎𝑖+1 = 2𝑆𝑛 + 1,求證𝑎𝑖 = 3𝑖−1 

令𝑛 = 1 

𝑎𝑛+1 = 𝑎2 

𝑆𝑛 = 𝑆1 = 1 

∴ 2𝑆𝑛 + 1 = 2 × 1 + 1 = 3 

∴ 𝑎2 = 3 = 32−1 

∴ 𝑛 = 1時，𝑎𝑛 = 3𝑛−1成立 

現在去求𝑆𝑛，𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑛為一等比級數，𝑟 = 3, 𝑎1 = 1 

∴ 𝑆𝑛 =
3𝑛 − 1

3 − 1
 

2𝑆𝑛 + 1 =
2(3𝑛 − 1)

2
+ 1 = 3𝑛 − 1 + 1 = 3𝑛 

∴ 𝑎𝑛+1 = 3𝑛 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4.求∑ 𝑘(𝑘 + 1)𝑛
𝑘=1  

∑𝑘(𝑘 + 1)

𝑛

𝑘=1

= ∑𝑘2
𝑛

𝑘=1

+∑𝑘

𝑛

𝑘=1

 

=
𝑛(𝑛 + 1)(2𝑛 + 1)

6
+
𝑛(𝑛 + 1)

2
 

=
2𝑛(𝑛 + 1)(𝑛 + 2)

6
 

=
𝑛(𝑛 + 1)(𝑛 + 2)

3
 

例𝑛 = 4 

∑𝑘(𝑘 + 1)

𝑛

𝑘=1

= 2 + (22 + 2) + (33 + 3) + (44 + 4) 

= 2 + 6 + 12 + 20 

= 40 

𝑛(𝑛 + 1)(𝑛 + 2)

3
=
4(5)(6)

3
= 40 

 

 

 

 

 

5.求𝑠𝑖𝑛2(1°) + 𝑠𝑖𝑛2(2°) + 𝑠𝑖𝑛2(3°) + ⋯+ 𝑠𝑖𝑛2(89°) 

𝑆𝑛 = 𝑠𝑖𝑛2(1°) + 𝑠𝑖𝑛2(2°) + 𝑠𝑖𝑛2(3°) + ⋯+ 𝑠𝑖𝑛2(89°) 

𝑆𝑛 = 𝑠𝑖𝑛2(89°) + 𝑠𝑖𝑛2(88°) + 𝑠𝑖𝑛2(87°) + ⋯+ 𝑠𝑖𝑛2(1°) 

∴ 2𝑆𝑛 = (𝑠𝑖𝑛2(1°) + 𝑠𝑖𝑛2(89°)) + (𝑠𝑖𝑛2(2°) + 𝑠𝑖𝑛2(88°)) + ⋯ 

+(𝑠𝑖𝑛2(89°) + 𝑠𝑖𝑛2(1°)) 

∵ sin(90° − 𝜃) = 𝑐𝑜𝑠𝜃 

∴ 2𝑆𝑛 = (𝑠𝑖𝑛2(1°) + 𝑐𝑜𝑠2(1°)) + (𝑠𝑖𝑛2(2°) + 𝑐𝑜𝑠2(2°)) + ⋯ 

+(𝑠𝑖𝑛2(89°) + 𝑐𝑜𝑠2(89°)) 

=89 

 

 

 

 

 

 



6.𝑓(𝑥) =
4𝑥

4𝑥+2
 

求𝑆𝑛 = 𝑓 (
1

𝑎
) + 𝑓 (

2

𝑎
) + ⋯+ 𝑓(

𝑎−1

𝑎
) 

𝑆𝑛 = 𝑓 (
1

𝑎
) + 𝑓 (

2

𝑎
) +⋯+ 𝑓 (

𝑎 − 1

𝑎
)…(1) 

𝑆𝑛 = 𝑓 (
𝑎 − 1

𝑎
) + 𝑓 (

𝑎 − 2

𝑎
) +⋯+ 𝑓 (

1

𝑎
)… (2) 

2𝑆𝑛 = (𝑓 (
1

𝑎
) + 𝑓 (

𝑎 − 1

𝑎
)) + (𝑓 (

2

𝑎
) + 𝑓 (

𝑎 − 2

𝑎
)) +⋯+ (𝑓 (

𝑎 − 1

𝑎
) + 𝑓 (

1

𝑎
)) 

𝑓 (
𝑖

𝑎
) + 𝑓 (

𝑎 − 𝑖

𝑎
) =

4
𝑖
𝑎

4
𝑖
𝑎 + 2

+
4
𝑎−𝑖
𝑎

4
𝑎−𝑖
𝑎 + 2

 

=
4
𝑖
𝑎(4𝑎−𝑖 + 2) + 4

𝑎−𝑖
𝑎 (4

𝑖
𝑎 + 2))

(4
𝑖
𝑎 + 2)(4

𝑎−𝑖
𝑎 + 2)

 

=
4
𝑎
𝑎 + 2 ∙ 4

𝑖
𝑎 + 41 + 2 ∙ 4

𝑎−𝑖
𝑎

41 + 2 ∙ 4
𝑖
𝑎 + 41 + 2 ∙ 4

𝑎−𝑖
𝑎

 

= 1 

∴ 2𝑆𝑛 = 𝑎 × 1 = 𝑎 

𝑆𝑛 =
𝑎

2
 

 

 

 

7.求𝑆𝑛 =
1

1×2
+

1

2×3
+⋯+

1

𝑛×(𝑛+1)
 

𝑆𝑛 =
1

1 × 2
+

1

2 × 3
+⋯+

1

𝑛 × (𝑛 + 1)
 

= (
1

1
−
1

2
) + (

1

2
−
1

3
) +⋯+ (

1

𝑛
−

1

𝑛 + 1
) 

= 1 −
1

𝑛 + 1
 

=
𝑛 + 1 − 1

𝑛 + 1
 

=
𝑛

𝑛 + 1
 


